The quantization of the two-dimensional R2-gravity coupled with conformal matters under the constraint of constant curvature is discussed. The partition function for this system is found for arbitrary genus. It is shown that no critical dimension exists as in the case of the Jackiw·Teitelboim model. In the case of the R2-gravity coupled with fermions described by the Gross-Neveu model a semiclassical solution is constructed which represents a modified version of the CGHS-Witten black hole. § 1. Introduction Current activity in the study of two-dimensional quantum gravity is motivated by several reasons: It is extremely difficult to clarify the physics of black holes and of the early universe in realistic models of four-dimensional quantum gravity. Solvable toy models such as two-dimensional quantum gravity help simplifying the situation so that one can get an insight into the realistic physics. Moreover two-dimensional quantum gravity is interesting by itself since it is a good laboratory for developing formal procedures in quantizing the theory of gravity. The two-dimensional quantum gravity has also deep connection with string models.
Current activity in the study of two-dimensional quantum gravity is motivated by several reasons: It is extremely difficult to clarify the physics of black holes and of the early universe in realistic models of four-dimensional quantum gravity. Solvable toy models such as two-dimensional quantum gravity help simplifying the situation so that one can get an insight into the realistic physics. Moreover two-dimensional quantum gravity is interesting by itself since it is a good laboratory for developing formal procedures in quantizing the theory of gravity. The two-dimensional quantum gravity has also deep connection with string models.
The local covariant two-dimensional action!) (1) with the constant curvature constraint (R= -A) which comes from the dilaton equation of motion provides us with one of the interesting models in two-dimensional quantum gravity where (fJ represents the dilaton field. The action (1) allows the consistent quantization and the coupling of any matter fields. Accordingly the action (1) has a possibility of presenting a model of non-critical strings where no critical dimension appears. 2 ) Through the supersymmetric extension 2 ) of the action one may construct the non-critical superstring models.
In Ref. 3 ) it has been shown that the action (1) can be generalized to the following form, (2) where /(fl.i, R) is a suitable polynomial function of fl.i and R, and fl.i(i=l, 2,3, ... ) are parameters with dimension. With the action (2) the theory is quantized consistently just in the same way as in the theory with the action (1) if /(fl.i, R) is an odd polynomial in R. This result suggests that there is a possibility of getting different models of the non-critical bosonic string. It has also been shown 4 ) that for A=O in Eq. (1) with the dilaton self-coupling the resulting quantum theory is free from the conformei1 anomaly. Therefore the dilaton seems to provide a possible way to resolve the Liouville problem. In connection with the actions (1) and (2) constrained by the condition of the constant curvature several related works are present.
)-S)
It should also be noted that the theory described by the action (1) admits the symmetry of the Ws-algebra 9 ) (for a review see Ref. 10) ). In the present communication we discuss characteristic features of the theory defined by a class of the action (2) , i.e., two-dimensional R2-gravity subject to the constraint of constant curvature, The action for this model is given by (3) where a and A are certain constants. Our motivation of studying the above action is the following: The theory defined by the action (3) may be regarded after rescaling as a kind of the string effective action (7) with a dilaton potential and higher derivative corrections. Such theories without higher derivative terms have been extensively studied recently in the semiclassical approach and are considered to be useful prototype models for describing the formation and evaporation of black holes. Therefore one may regard Eq. (3) as yet another toy model describing two-dimensional gravity (and consequently black holes). It is meaningful to investigate different models of two-dimensional quantum gravity since the different models lead us to different predictions in physical applications. It should also be pointed out that the four-dimensional higher-derivative quantum gravity is considered to be a serious candidate for the consistent four-dimensional quantum gravity. Unfortunately, however, there exists a unitarity problem here in the four-dimensional higherderivative quantum gravity. This problem discourages people to study this theory in a serious manner. (The same problem arises in the usual two-dimensional R2_gravity.22)) The model with action (3) seems to respect the unitarity because of the constantcurvature constraint. Thus the theory defined by action (3) may give some idea on the solution of the unitarity problem in the four-dimensional R2-gravity. By this reason we consider it important to investigate the two-dimensional R2~gravity.
In the next section we explain the quantization procedure of the theory with arbitrary conformal matter fields and in § 3 we find semiclassical solutions in the two-dimensional quantum R2-gravity coupled with fermions described by the GrossNeveu model. § 2. Quantum R2-gravity as a non-critical string
We discuss the quantum theory of the two-dimensional R2-gravity coupled with conformal matter fields. Following the procedure given in Refs. 2) and 3) we calculate the partition function for arbitrary genus and will show that no restriction exists on the critical dimension of matter fields.
We start with the action given by (4) where Sg is already given in Eq. (3), M is the manifold under consideration, X(M) is defined by (5) and Sm is the action for the conformal matter fields.
It is interesting to note that the gravitational part of the action (the first two terms of Eq. (4» can be rewritten by the redefinition (6) in the following form, where the differential operator L/ § is defined by
( 8) We see that the first term in Eq. (7) is the well-known low-energy string effective action including dilaton potentials. The second term is the higher-derivative correction to the string action.
The equation of motion for the dilaton field reads (9) Thus we observe how the Liouville equation emerges in the theory. By solving Eq. (9) for the curvature R we find R+C=O with C given by
Equation (11) is regarded as a constant curvature constraint. Here A2 (or a when A =0) is to be considered as a parameter appearing in the relation
where A is the area of M. The partition function for our model is calculated in the same way as in Ref 2), (13) where
represents an integration over the conformal matter field. In Eq. (13) the integration over ;12 should be replaced by the one over a when ;12=0. In Eq. (13) we perform the integration over the conformal matter field and the Lagrange multiplier (/J. We then parametrize the gravitational field gpv by with the normalization!7)
for h=O, R g =l, for h=l, Rg=O,
Taking the standard measure in the metric space (see, e.g., Ref . 17)), we obtain the genus-h contribution to the partition function Z in the following form (see Ref.
2) for details),
In the above formula we mean by the symbol -that the corresponding expressions are given in terms of !Jpv. The notation (/Jj, Jlj (Beltrami differential) and IiI are explained in Ref. 17 ) and the Liouville action 5L is given by
We introduce the new variable Y = R + C and perform the 6 integration by using the
where we chose the positive sign in Eq. (11) . Using the relations given in Ref.
2) and choosing the induced cosmological constant so as to cancel the cosmological constant in 5L (6) we finally obtain
For the case ;12=0, the coefficient of the last factor on the right-hand side of Eq. (19) should be replaced by -1. As is seen by the analysis of Ref.
2), 5L(6, Jl'=O) is purely the surface term and hence no critical dimension arises in the model under consideration.
Now we can discuss the on-shell limit of the last factor on the right-hand side of Eq. (19) . One finds from Eq. (19) that the on-shell limit of this factor, F(a, ;12), is given by
Keeping A fixed in Eq. (13) we obtain from Eq. (20),
In the case ;12=0 one can derive the following formula in the same manner as above:
where F(a). is the function for the case ;12=0 which corresponds to F(a, ;12) for nonvanishing ;12. Therefore we find for fixed A,
If the cosmological constant ;12 is nonzero, the string susceptibility r defined as the exponent in Eq. (21) 
r=2+(f(d-24)(1-h) .
(
When ;12=0, the parameter a plays the role of the scaling parameter and we have
We have calculated the partition function for arbitrary genus in two versions (;12=0 and ;12=1=0, respectively) of the theory (4) . No critical dimension comes about and hence the theory may be corisidered as a model for the non-critical strings.
As we have seen, with all the parameters in Eq. (3) nonvanishing, the string susceptibility (24) is equal to that of the model (1). This point is quite surprising because by the generalization of the theory (1) to the ones with odd higher derivatives we have obtained different string susceptibilities.
3 )
Furthermore we realize that for ;12=0 the string susceptibility r of Eq. (25) is different from the one for Eq. (1). On the other hand the above observation suggests that the Jtl!3-symmetry9) found in the model (1) may be realized also in the present model. This subject surely deserves a further study. (The study may not be easy according to the presence of the higherderivative terms in the energy-momentum tensor.) § 3. Two-dimensional R2-gravity coupled with Gross-Neveu fermions
We turn our attention to the two-dimensional R2-gravity (3) coupled with the two-dimensional matter with the interaction given in the Gross-Neveu modeU 8 ) The action reads where K is the coupling constant corresponding to the four-fermion coupling and iJ is the auxiliary field. It is well· known that the above fermion coupling is equivalent to the four-fermion interaction. In Eq. (26) the fermion ¢ is of N components. In the following argument we work in the leading order of the liN expansion. The Gross-Neveu model is known to be asymptotically free in the leading two orders of the liN expansion. 18 ), 19) It is evident that the property of asymptotic freedom persists in the model described by the action (26).
Our purpose here is to discuss the model in the semiclassical approximation. We assume that the background spinor field is absent.
The effective potential for the Gross-Neveu model in curved spacetime with constant curvature has been calculated in Ref. 20) and is given in the leading order of the liN expansion by
where f1. is the renormalization scale and r(z) is the gamma function. In the leading order of the liN expansion the quantum-gravitational contribution to the effective action is to be neglected and the semiclassical effective action is given by 
where ¢(z) is the digamma function. Equation (7) Solutions for the other equations (31) and (32) are obtained in the conformal gauge (13) . For the sake of simplicity we consider only the case of genus h=O and C<O. In the same way as in Ref. 4 ) we find
The solution of Eq. (32) for U is given by
where u(z) is an arbitrary holomorphic function. The solution for the zzcomponent of Eq. (31) is given by 
A similar expression for the zz-component is also obtained. An explicit form ofthe solution of the constraints set by Eq. (37) and the one for the zz-component are very complicated and will not be given here. If one neglects the conformal anomaly term in Eq. (29), i.e., one sets U =0, the solution (36) takes the form
where (3 and r are arbitrary constants, and 1-2aC*0 and C*O. For the simple case in which il 2 =a=0 (hence gzz=l) the dilaton solution takes the form
where VA 6) is the flat-space Gross-Neveu effective potential given by
Note here that the flat-space effective potential (40) plays a role of the effective cosmological constant. By making the transition from the theory (5) to the theory (6) with the help of the new line element 4l
we recognize that the dilaton solution (39) corresponds to the CGHS-Witten black hole. Thus we understand that the solutions (36) and (38) may be regarded as a modification of the CGHS-Witten black hole. Essentially in the same way one can argue the case h~1. The result of the detailed analysis and the physical interpretation of Eq. (34) will be presented elsewhere .
. § 4. Conclusion
In the present communication we discussed several features of the twodimensional R2-gravity with the constant curvature constraint. It has been shown that this theory is consistently quantized and no critical dimension appears. The semiclassical solutions of the theory are derived when the theory is coupled to the Gross-Neveu fermions.
It is useful to investigate the perturbative structure of the theory under consideration. Such study, however, is extremely complicated. If one starts with the action (3), one needs to study the theory in the curved background with the propagating dilaton. Alternatively one may start with the theory with the action (6) in the flat background with the constant dilaton. In this case, however, already the second variation of the action is complicated enough to discourage further investigations of propagators (d. the quantum R2-gravity with dynamical torsion in the flat background 21l ). The study of the theory under investigation in the perturbative regime looks less attractive.
